Fano resonances can modify the nonlinear processes in the vicinity of metal nanoparticles. Extra enhancement, on the top of the localization, appears due to path interference effects. This is well studied in the literature. Here, we raise a different question. Can we control an unlocalized nonlinear process originated from a crystal itself? We find that it is possible via indirect Fano resonances. We observe two phenomena. (i) If a long-live mode/path exists in the vicinity of metal nanoparticle, nonlinear field can be enhanced 5-order of magnitude. We also observe an interesting phenomenon: 3-4 orders enhancement can be achieved even by suppressing the hot spot intensity of a metal. (ii) Plasmonic nano-structures themselves can create Fano resonances and enhance unlocalized nonlinear fields. The nature of the indirect Fano resonances are demonstrated to be completely different than the ones for nonlinear processes happening at the hot spots.
In the past two decades, there has been a great deal of attention to the field quantum plasmonics. Surface plasmon resonances (SPRs), coherent oscillation of free electrons, can be induced at the surface of metal nanoparticles (MNPs) with resonating the incident electromagnetic field in frequency domain. The ability of MNPs to concentrate incident field to small volumes (hot spots), much smaller than the incident wavelength, provides intense absorption, scattering and strong enhancement of the incident light as large as five [1, 2] or even higher order of magnitudes [3, 4] comparing with the incident one. Applications of such localized field enhancement, in the vicinity of the metal particles, can be found in a wide range including biochemical sensing [5] , solar cells applications [6, 7] , producing nano dimension antennas [8] and nanolasers [9, 10] .
When a quantum emitter (QE), such as quantum dot [11] , molecule [12] and nitrogen-vacancy (NV) [13] center, is placed on one of these hot spots, strong interaction between plasmons and QE leads to create Fano resonances, a dip in the absorption spectrum of plasmonic material [14] . A Fano resonance can also appear when the plasmon mode of MNP is coupled to a longlive dark plasmon mode [15, 16] . Such transparency window, Fano resonance, can increase the lifetime of plasmon excitation [17] [18] [19] , which leads to further enhancement of the hot spot field. This extra enhancement, dark-hot resonances [20] , enables the operation of nano-lasers, spasers [10] and gives rise to enhancement of nonlinear processes, such as surface enhanced raman scattering (SERS) [21, 22] , second harmonic generation (SHG) [23] and four-wave mixing (FWM) [24, 25] .
In this manuscript, we utilize the hot spots of MNPs, doped in a converter crystal, for a totally different purpose. We do not use their localizing feature to enhance a nonlinear process tkaing place in the small vicinity of the hot spot. We use MNPs as strong interaction centers for the nonlinear field converted at the body of the crystal. * gunaymehmt@gmail.com It is well known that MNPs can trap light from a region much larger than their dimensions. The purpose of the MNPs is to collect the unlocalized nonlinear field, far larger than the hot spot dimensions, to its hot spot make it interact with long-live dark-mode or a molecule. (i) Hot spots can control the unlocalized conversion process even without necessitating a long-live mode. This phenomenon is discussed in parallel with the recent experiments on MNP-doped converter crystals. (ii,a) When a long-live mode (e.g. NV center) exists, unlocalized conversion can be enhanced 3-4 orders with an un-excited plasmon [see vertical line in Fig.2 ]. This prevents the losses due to plasmon decay, but at the same time does not yield a localization enhancement. (ii,b) The same setup can be adapted to obtain 5-orders enhancement of the unlocalized field conversion (taking place out of the vicinity of the hot spot), with untouched nonlinearity enhancement in the hot spot. Both methods, (ii,a) and (ii,b), can be useful depends on the energy consumption requirements. Moreover, we demonstrate that such an enhancement occurs in a broad range of system parameters.
In the following, we first present a basic analytical model which is demonstrated to treat Fano resonances realistically [2, 20, 24] and explain the enhancement/suppression phenomena on a single equation. It becomes appearent that nature of path interference in the indirect enhancement scheme is very different than the Fano enhancement of a nonlinear object sitting in the hot spot. We show that path interference can enhance conversion 5-orders on the top of localization enhancement or it can enhance 3-4 orders by suppressing hot spot intensity of MNP, which is shown in a broad range of system parameters. We also demonstrate that presecence of MNPs in a converter crystal can Fano enhance the conversion process 2-orders even without accounting the localization effects. This phenomenon is discussed in parallel with recent experiments on MNP doped nonlinear crystals [26] [27] [28] [29] [30] .
We consider the structure as shown in Fig.1 in which MNP-QE hybrid structures are embedded into nonlinear material. We shall limit our consideration to SHG (2) (top). The system is pumped externally with frequency ω. Two ω photons combine to yield a single 2ω photon in theâ2 mode. SHG process takes place in material. MNP and QE hybrid structure is strongly coupled toâ2 mode (bottom).
as a nonlinear process, but similar results can also be obtained for other wave-mixing processes. The dynamics of the total system are as follows. The incident light (â 1 ) with optical frequency w interacts with nonlinear material and generates second harmonic (SH) field (â 2 ). The SH signal excites plasmonic mode (â p ) of the MNP, which is strongly coupled to a QE. Here, we choose MNP such that its response to driven field is very weak and the level spacing of QE is close to plasmon field oscillation (ω eg ∼ Ω p ) so the interaction between linear field and MNP-QE hybrid structure can be neglected.
The Hamiltonian of the described system includes the energies of the linear (Ω 1 ), SH (Ω 2 ), plasmon (Ω p ) oscillations and the energy of the quantum emitter (ω eg )
where |g (|e ) is ground (excited) state of the QE. As well as the energy transferred by the pump source (Ĥ L ), SHG process (Ĥ SH ) in a material with plasmon excitation via nonlinear field (Ĥ g ) and the interaction of QE with MNP (Ĥ int ).
Here the parameters χ (2) and g, in units of frequency, are the strengths of the SHG process and plasmon excitation via nonlinear field respectively and f p is the coupling strength between the field induced by the polarization mode of the MNP and the QE. The dynamics of the system can be derived by using Heisenberg equation of motion (e.g. i â i = [â i ,Ĥ]). Since we are interested in intensities but not in correlations, we replace the operatorsâ i andρ ij = |i j| with complex numbers α i and ρ ij [31] respectively and desired equations of motion can be obtained aṡ
where γ 1 , γ 2 , γ p and γ eg are the damping rates. The conservation of probability ρ ee +ρ gg = 1 with the diagonal decay rate of the QE γ ee = 2γ ge accompanies Eqs.(6a-6e).
Here, we investigate the role of the QE in this hybrid structure. Therefore, we define enhancement factor (EF) for the intensities of each field in the presence (f p = 0) and absence (f p = 0) of a QE as
In the steady state, one can define the amplitudes of each field and the off-diagonal density matrix elements as
where amplitudes with tilde and the diagonal elements of the density matrix are constant in time. With a simple algebraic manipulation i.e. inserting Eq.(8) and Eq. (9) into Eqs.(6a-6e) one can obtain the steady-state solution for SH field amplitude as
here β j = i(Ω j − 2ω) + γ j with j : (2, p) and y = ρ ee − ρ gg is the population inversion. Although, the results presented in Fig.2, Fig.3 and Fig.4 are the exact solutions of Eqs.(6a-6e) without any approximation, we study the steady-state in Eq.(10) in order to gain better understanding over nonlinear field enhancement.
Interpretation of why SH field intensity gets enhanced via MNP-QE hybrid structure can be done by examining the denominator of Eq. (10) . When a QE level spacing is chosen in a way to create cancellation in the denominator of Eq.(10) there emerges enhancement peak for the α 2 field intensity, see Fig.2a . Similar results can also be obtained by varying pump frequency for fixed w eg . This is depicted in Fig.2b . Since the QE is highly off-resonant from driven mode, there is not significant change in the linear field intensity. However, one can observe enhancement or suppression in the hot spot intensity of MNP depending on level spacing of a QE or pump frequency. The frequencies are scaled with Ω (= Ω p /2 ∼ ω) and parameters are taken as γ 1,2 = 10 −4 Ω, γ p = 0.01Ω and χ (2) = 10 −5 Ω. We consider a low-quality QE i.e. γ eg = 10 −5 Ω. The coupling strength f p is taken on the order of 0.1Ω [32] , which gives the correct fluorescence EF [18] in typical experiments [33] and also supports 3D simulations of both linear and nonlinear response [34] .
As shown in Fig.3 , when the level spacing of a QE is strongly resonant to the converted field, a dip (transparency) in the absorption spectrum of plasmonic field is present, even if SH field intensity gets enhanced. This can be explained as follows. When ω eg = 2ω, the amplitude of the plasmon field in the steady state can be written
Since the linewidth of the QE (γ eg ) is very small compared to all other frequencies, the last term in the denominator attains huge value, which yields suppression of the plasmon field intensity. This is also the reason for the enhancement of SH field intensity and can be read from the last term in the denominator of Eq. (10) . When the parameters arranged as discussed above, the dominant part of the denominator of Eq.(10) becomes the imaginary part of the β 2 term as long as it is larger than γ 2 . Here, we take this value as Ω 2 − 2ω = −0.04Ω and obtained slightly higher than 3-fold enhancement [ Fig.2] . The larger enhancement can also be obtained by tuning laser to on resonance, i.e Ω 2 2ω. We also consider the case where only MNPs are embedded into nonlinear material without QEs, i.e. f p = 0 in Eq. (10) . Similar to previous part, enhancement of the SH field intensity can be obtained by minimizing the denominator of Eq.(10). That is, for the choice of the plasmon frequency Ω p = 2ω +|g| 2 /(Ω 2 −2ω), which cancels imaginary part of the first term, we obtain 2-fold enhancement for the nonlinear field intensity, see Fig.4 . Here, we take coupling strength as g = 0.1Ω [35] [36] [37] . When Ω p = 2ω we also observe suppression in the nonlinear field intensity in which the denominator of Eq.(10) gets maximized depending on the magnitude of the |g| 2 γ −1 p term. Similar to this setup, giant nonlinear field enhancement was reported in Refs. [29, 30] observed in NdYAG single-crystal. Enhancement of the SH field intensity appears rather small compared to the experiment. However, this observation can change dramatically by including response of MNP to the linear field. Since the SH field amplitude is proportional to the square of the linear field amplitude in Eq. (10) . Nevertheless, the results obtained in Fig.2 and Fig.3 do not change significantly [38] . In summary, we demonstrate that materials having inherently weak nonlinear response can be strengthened by using MNP-QE hybrid structures as the interaction centers. Our results are two fold. On the one hand, it is possible to enhance nonlinear field intensity without altering driven mode. This may remove the neccessity of using strong pulsed lasers to obtain significant nonlinear response. On the other hand, such enhancement can be obtained with suppressing hot spot field intensity of plasmonic material by coupling it to a QE, which is strongly resonant to SH (2ω) frequency. This can be useful for photonic switching operation, since embedding only MNPs into nonlinear material causes strong absorption and hence nonlinear phase shift in the frequency conversion process [39] . Our results contribute to understanding of the amplification of optical nonlinearities via Fano resonances and suggest a new route for enhanced nonlinear optical conversion. This can find potential applications from all-optical switch nonlinear devices to ultrafast spectroscopies.
